Let G be a simple undirected graph with the characteristic polyno-
Introduction
We consider only simple graphs (i.e., finite, undirected graphs without loops or multiple edges).
Let G = (V G , E G ) be a simple graph on n vertices and m edges (so n = |V G | is its order, and m = |E G | is its size). For v i ∈ V G , the degree of v i , written by d G (v i ) ( Laplacian coefficient c k can be expressed in terms of subtree structures of G by the following result of Kelmans and Chelnokov [15] . Let F be a spanning forest of G with components T i , i = 1, 2, . . . , k, having n i vertices each, and let γ (F) = k i=1 n i .
Theorem 1.1. The Laplacian coefficient c n−k of a graph G is given by c n−k = F∈F k γ (F), where F k is the set of all spanning forests of G with exactly k components.
In particular, c 0 = 1, c n = 0, c 1 = 2m, c n−1 = nτ (G), where τ (G) denotes the number of spanning trees of G (see [1, 17] ). If G is a tree, the coefficient c n−2 is equal to its Wiener index, which is a sum of distances between all pairs of vertices; while the coefficient c n−3 is its modified hyper-Wiener index, introduced by Gutman [5] . The Wiener index is considered as one of the most used topological indices with high correlation with many physical and chemical properties of molecular compounds. A huge majority of chemical applications of the Wiener index deal with acyclic organic molecules. For recent results and applications of the Wiener index see [3, 8, 21, 23] .
Throughout the text we denote by P n , K 1,n−1 the path and the star on n vertices, respectively. G − v, G − uv denote the graph obtained from G by deleting vertex v ∈ V G , or edge uv ∈ E G , respectively (this notation is naturally extended if more than one vertex or edge is deleted). Similarly, G + uv is obtained from G by adding edge uv ∈ E G . We also call the edge which is incident with a pendent vertex a pendent edge. We call a path P = u 0 u 1 . . . A set of pairwise independent edges of G is called a matching in G, while a matching of maximum cardinality is a maximum matching in G. The matching number q of G is the cardinality of a maximum matching of G. Let m k (G) be the number of matchings of G containing exactly k independent edges. In particular,
. A maximal matching, say M, is called a perfect matching if each vertex of G is matched by M. Denote by T n,q the set of all trees with n vertices and matching number q. Let T n q denote the tree obtained from a star K 1,n−q by joining q − 1 pendent vertices of K 1,n−q to q − 1 isolated vertices by q − 1 edges. Let (i,a) T (j,b) be n-vertex tree as depicted in Fig. 1 , where i, j, a, b are all nonnegative integers. In particular, (0, 0) 
The subdivision graph of G, denoted by S(G), is obtained by inserting a new vertex of degree two on each edge of G. Theorem 1.2 [24] . For every acyclic graph T with n vertices holds
Recently, the study on the Laplacian coefficient attracts much attention. Mohar [18] first studied the Laplacian coefficients of acyclic graph. Zhang et al. [22] investigated a partial order of trees with diameters 3 and 4 by the Laplacian coefficients. Ilić [12] identified the n-vertex tree of diameter d having the minimal Laplacian coefficients. Laplacian coefficients of trees with given number of leaves or vertices of degree two are studied in [13] . Stevanović and Ilić [20] studied the Laplacian coefficients of unicyclic graphs. He and Shan [10] studied the Laplacian coefficients of bicyclic graphs. Ilić [11] characterized n-vertex trees with given matching number q which simultaneously minimize all Laplacian coefficients. In this paper, we give another proof of this result. Using our method, we can identify the n-vertex tree with given matching number q which simultaneously makes all Laplacian coefficients be the second minimal. We also determine the unique n-vertex tree with a perfect matching having the largest and the second largest Laplacian coefficients, respectively.
The plan of the paper is as follows. In Section 2, we introduce α-, ε-transformations of general graphs and ζ -transformations of trees. We will see that all Laplacian coefficients are monotone under α-, ε-, ζ -transformations; In Section 3, we give a new proof to determine the n-vertex trees with given matching number q which simultaneously minimizes all Laplacian coefficients. We generalize the results from [11] and determine n-vertex trees with given matching number q which have the second minimal Laplacian coefficients. As well we determine the n-vertex trees with a perfect matching having the largest and the second largest Laplacian coefficients, respectively. In the last section, extremal values on some indices, such as Wiener index, modified hyper-Wiener index, Laplacian-like energy, incidence energy of n-vertex trees with matching number q are obtained.
Some graphic transformations
In this section, we introduce some graphic transformations, which will be used to prove our main results.
Definition 1 [10] . Let G be a connected graph of order n 3 and e = uv a non-pendent edge of G not contained in any triangle.
We say that G is an α-transformation of G.
A cut edge in a connected graph is an edge whose deletion breaks the graph into two components. Lemma 2.1 [10] . Let G be a connected graph and e = uv a non-pendent edge of G not contained in any triangle. Then for the α-transformation graph G = α (G, u, v) Definition 2. Let G be the connected graph as depicted in Fig. 2 , where G 0 is a connected graph with at least two vertices. Let
We say that G * (see Fig. 2 ) is a ε-transformation of G. Fig. 2 
It is straightforward to check that G and G * have the same number of spanning trees, hence we
F k ) be the set of all spanning forests of G (resp. G * ) with exactly k components. For
Now we distinguish F as the following two cases.
That is to say, uv ∈ E T , then F ∈ F k , we have trees of equal sizes in both spanning forests (F and F ), and thus γ (F) = γ (F ).
Note that in this case, in view of (2.2), F and F have the same number of components, hence F ∈ F k . We distinguish the following two possible subcases to prove Case 2. 
Let F 1 and F 1 be a pair of forests which satisfy (2.4). Since s 2, t 0, or s = 1, t 1 and |V T | = a, there must exist a component of F 1 which is an isolated vertex, denoted it by {x}. It is obvious that {x} is also a component of F 1 . Without loss of generality, denote its order by n k−2 = 1. Then, we can get (a) (b)
F 2 (resp. F 2 ) by deleting uw and adding an edge vx from F 1 (resp. F 1 ). By simple calculation, we have
Combining the discussion as above, we obtain Fig. 1 with b, j (1, 1) , the equality holds if and only if k ∈ {0, 1, n − 1, n}. Fig. 3b ).
Lemma 2.3. Let (i,a) T (j,b) be the n-vertex graph as depicted in
We will construct an injection from the set M of k-matchings of the subdivision graph S(T ) into the 
contains all other k-matchings from S(T).
There is an obvious bijection from the set M 1 to the set M 1 , by taking the same k-matching, since the decomposed graphs are isomorphic. Notice that we did not take any edges from the set {uu 1 , uu 2 , . . . , uu j+b−2 } in the k-matching of the subdivision tree S(T ) and from the set {vu 1 , vu 2 
, . . . , vu j+b−2 } in the k-matching of the subdivision tree S(T).
Note that one can take at most one edge in the k-matching from the set {uu 1 , uu 2 , . . . , uu j+b−2 } in S(T ). Assume now that we have k-matching M ∈ M 2 that contains the edge uu l , for 1 l j +b−2. We will construct a corresponding matching M ∈ M 2 , such that vu l ∈ M. The subdivision graph S(T ) is decomposed in the following parts
while, the subdivision graph S(T) is decomposed in the following parts
We conclude that the first j + b − 2 connected components are identical. Therefore, we have the trivial bijection within each of these components. If vu 0 ∈ M , then we put the edge uu 0 to be in M. After taking these edges in (k−1)-matchings, we have the same components in both graphs, and again a trivial bijection. Now, we have reduced the problem to the following one: the number of k-matchings in the unionT ∪ P j+b−1 ∪ P j+b is greater than or equal to the number of k-matchings in the graph
Consider the longest two paths P and Q in theT that start from the vertex u and end in some
where y 1 , y 2 , y 1 , y 2 are the subdivision vertices of degree two. Now we distinguish M as the following three cases.
In this case, we can construct a corresponding matching M by taking the same edges as those in M . This way we do not take any edges in M adjacent to u in the graphT. If we use some of these "extra" edges, different from uy 1 and uy 1 , we conclude that there are more k-matchings in S(T) than in S(T ).
We take the edge uy 1 to be in M. If y 1 x 1 / ∈ M , then take the same set of edges in M, like in the previous case. Otherwise, we take the edge u j+b v j+b in M. Now, it is obvious that the number of kmatchings in the graph (T − {u, y 1 }) ∪ P 4 is greater than or equal to the number of k-matchings in (T − {u, y 1 ,
We take the edge uy 1 to be in M. (1, 1) . By Proposition 3 in Appendix, we have
where
Together with (1.1) and (2.5), we can set
where 1) ). By Proposition 3 in Appendix we have
where 1) . Similarly, we can also show that f t > 0 for every t = 0, 1, 2, 3. Together with (2.6) and (2.7), we have
It is obvious that m k = 0 for k = 0, 1, n − 1, n. In order to complete the proof, it suffices to show that m k = 0 for 2 k n − 2.
Define that a i = 0 for i ∈ {0, −1, −2, −3, n−6, n−5, n−4, n−3}.
we have Fig. 4b ). 
(T).
There is an obvious bijection from the set M 1 to the set M 1 , by taking the same k-matching, since the decomposed graphs are isomorphic. Assume now that we have k-matching M ∈ M 2 that contains the edge vv l , for 1 l i + a − 2. We will construct a corresponding matching M ∈ M 2 such that uv l ∈ M. The subdivision graph S(T ) is decomposed in the following parts
We conclude that the first i + a − 2 connected components are identical. Therefore, we have the trivial bijection within each of these components. If v 0 u ∈ M , then we put the edge vv 0 to be in M. After taking these edges in (k−1)-matchings, we have the same components in both graphs, and again a trivial bijection. Now, we have reduced the problem to the following one: the number of k-matchings in the unionT ∪ {v i+a−1 u i+a−1 } ∪ {v i+a u i+a } is greater than or equal to the number of k-matchings
Consider two longest paths P and Q inT that start from the vertex v and end in some pendent 
k (S(T )) m k (S(T)). This completes the inductive proof of c k (T) c k (T ) for every
k = 0, 1, . . . , n.
Now assume (i,a) T (j,b) (0,2) T (i+j,a+b−2) . By Proposition 3 in Appendix we have
where 
it is straightforward to check that g 4 
It is obvious that m k = 0 for k = 0, 1, n − 1, n. In order to complete the proof, it suffices to show that m k = 0 for 2 k n−2. In fact, by a similar discussion as in the proof m k = 0 for 2 k n−2 in Lemma 2.3, we can also show that m k = 0 for 2 k n − 2. We omit the procedure here.
Definition 3.
Let T be the tree as depicted in Fig. 5 , where uv is an edge, uv 1 v 2 is a pendent path of length 2, T 1 (resp. T 2 ) is a subtree with at least two vertices. Let
We say that T (see 5) is a ζ -transformation of T.
Lemma 2.5. For the ζ -transformation graph T = ζ(T, v, v 1 ) defined as above, one has c k (T) c k (T )
for 0 ≤ k ≤ n.
Proof. Denote the subdivision graph of T (resp. T ) by S(T) (resp. S(T )).
Let u 0 , u 1 , u 2 be the subdivision vertices of the edges uv, uv 1 , v 1 v 2 (resp. uv, uv 1 , vv 2 
) in S(T) (resp. S(T )). By Theorem 1.2, it suffices to show that m k (S(T ))
m k (S(T)) for 0 k n. Hence we only need to prove that for each k-
matching in S(T ), there exists a one-to-one corresponding k-matching in S(T). For each k-matching M in S(T ), we construct a k-matching M in S(T) as follows. If vu
One may check that the correspondence M → M is one to one. Therefore
Laplacian coefficients of trees with matching number q
In this section, we discuss how to order trees by the Laplacian coefficients in the class of all trees of order n with matching number q. Theorem 3.1 [11] . For any T ∈ T n,q \ {T Proof. If q = 1, the star graph on n vertices is the unique tree with matching number 1. Our result holds in this case. Now suppose q 2. Then n −q 2. Let X l ⊆ T n,q be the set of all trees in which there exist exactly l pendent vertices. Then {X l |n − 2q + 1 l n − q} is a partition of T n,q . For any T ∈ T n,q , assume that M is a maximum matching of T. Then |M| = q and there are three cases for a non-pendent edge e = uv in T: (1) e = uv ∈ M; (2) e = uv has exactly one M-saturated vertex; (3) e = uv / ∈ M but both u and v are M-saturated vertices. Note that, taking ε-transformation (resp. α-transformation) to any non-pendent edge e = uv of Case (3) (resp. Case (1) and Case (2)) in T do not change the matching number of it. For a tree T ∈ X l , if l < n − q, then T must have a non-pendent edge e = uv of Case (1) or Case (2) . By carrying α-transformation once, we can transform T into a tree T 1 ∈ X l+1 such that the edge e is a pendent edge. By Lemma 2.1, we have c k (T 1 ) c k (T) for every k = 0, 1, . . . , n, and equality holds if and only if k ∈ {0, 1, n − 1, n} since every edge in a tree is a cut edge. It follows that the tree T ∈ T n,q with the minimal Laplacian coefficients must be in X n−q . In any such tree, each non-pendent vertex is adjacent to a pendent vertex, otherwise there is a non-pendent edge of Case (1) (i) If n = 2q with q = 3, P 6 has the minimal Laplacian coefficients.
(ii) If n = 2q with q 4, for any T ∈ T n,q \ {T n q , (1, 1) First we consider q = 2. Let T(a, b) the tree from two star graphs K 1,a+1 and K 1,b+1 by identifying one pendent vertex of them. It is straightforward to check that any n-vertex trees with matching
the equality holds if and only if k
Without loss of generality, assume that b a.
the equality holds if and only if
. . , n and the equality holds if and only if k ∈ {0, 1, n − 1, n}.
Now we consider q

For any
We consider the following two cases. (1,1) , the equality holds if and only if k ∈ {0, 1, n − 1, n}. If n > 2q, then n − 2q + 1 2. By Lemma 2.4, we have 2,n−2q) , the equality holds if and only if k ∈ {0, 1, n − 1, n}.
, the equality holds if and only if k ∈ {0, 1, n − 1, n}. Notice that (0,2) T (q−2,n−2q) has no perfect matching, so (0,2) T (q−2,n−2q) ∈ T n,q if n > 2q. Hence, if n = 2q, for any T ∈ A \ { (1, 1) T (q−3,1) } and 0 k n, we have c k ( (1,1) T (q−3,1) ) c k (T) and the equality holds if and only if k ∈ {0, 1, n − 1, n}; if n > 2q, for any T ∈ A \ { (0,2) T (q−2,n−2q) } and 0 k n, we have c k ( (0,2) T (q−2,n−2q) ) c k (T) and the equality holds if and only if k ∈ {0, 1, n − 1, n}.
For T ∈ B, from the definition of B, T must be (i,0) T (j,n−2q) with i 1, j 0, i + j = q − 1. We consider the following three cases. If
Hence q = 3. We have T 6,3 = {T If
In view of Proposition 3 in Appendix, we have
. So the equality of c k ( (1, 1) T (q−3,1) ) c k (T) holds if and only if k ∈ {0, 1, 2q − 1, 2q} since
. . , n and the equality holds if and only if k ∈ {0, 1, 2q − 1, 2q}. Note that i − 1 1, j 2, by Lemma 2.3, we have c k ( (1, 1) 1) T (q−3,1) ) c k (T), and if T (1, 1) T (q−3,1) , the equality of holds if and only if k ∈ {0, 1, 2q − 1, 2q}.
By Proposition 3 in Appendix, we have
. So the equality of c k ( (0, 2) T (q−2,1) ) c k (T) holds if and only if k ∈ {0, 1, 2q, 2q + 1} since q ≥ 2. Using the same method, we can also give the trees in T 2q,q with the largest and the second largest Laplacian coefficients. Lemma 3.3 [11] . (G(p, q) 
Theorem 3.4 [12] . In T 2q,q with q 3, P 2q and T 3 (see Fig. 6 ) are the trees with the largest and the second largest Laplacian coefficients, respectively.
Proof.
It is easy to prove by induction that for every T ∈ T 2q,q , T contains a unique perfect matching, say M. It is straightforward to check that each non-pendent edge of T is either of Case (1) or of Case (3) (defined in the proof of Theorem 3.1). Then, T must have a non-pendent edge e = uv of Case (1). Assume T ∈ X l (1 l q − 1). By carrying α-transformation once, we can transform T to T ∈ X l+1 such that edge e is a pendent edge. By Lemma 2.1, we have c k (T ) c k (T) for every k = 0, 1, . . . , n. As we hope to determine the tree with the largest Laplacian coefficients, l should be as small as possible.
Note that X 1 = ∅ and X 2 = {P 2q }, we have P 2q has the largest Laplacian coefficients.
Denote the tree with the second largest Laplacian coefficients by T . By the proof given as above, T must be the tree which can be transformed from P 2q by carrying α-or ε-transformation once. Note that we can not apply ε-transformation to P 2q . Hence, it suffices to consider the set of all trees T i (see Fig. 6 ) with odd i, 1 ≤ i ≤ q. For convenience, denote this set by C , it is straightforward to check that C contains all trees that can be transformed from P 2q by carrying α-transformation once in T 2q,q . By Lemma 3.3, in C , T 3 (see Fig. 6 ) has the largest Laplacian coefficients.
Other indices of trees in T n,q
Denote with D G (w) (or D(w) for short) the sum of all distances from w to all other vertices of G. If T is a tree, the coefficient c n−2 is equal to its Wiener index, which is a sum of distances between all pairs of vertices, i.e.,
So, we can apply the previous theorems for the Winner index, and get the following results.
Proof By Theorem 3.2, we have
In order to complete the proof, it suffices to show that W ( (0,2) T (q−2,n−2q) ) = n 2 +(q−2)n−3q−1 and W ( (1, 1) T ( q−3,1) ) = 6q 2 − 5q − 8. After summing all contributions to the Wiener index, we get ( (1,1) T (q−3,1) ) for n = 2q (q 4).
In particular, if G is a bipartite graph, the spectra of Q (G) and L(G) coincide, and we have IE(G) = LEL(G). In [7] the authors pointed out some further relations for IE and LEL, and established several lower and upper bounds for IE, including those that pertain to the line graph of G.
For the incidence energy one has similar results as in Theorem 4.5.
Appendix A.
In this appendix, we hope to obtain expression for the In this appendix, we hope to obtain expression for the Laplacian polynomial of (i,a) T (j,b) . Let G = G 1 u : vG 2 be the graph obtained from two disjoint graphs G 1 and G 2 by joining a vertex u of the graph G 1 to a vertex v of the graph G 2 by an edge. We call G a connected sum of G 1 at u and G 2 at v.
obtained by deleting the row and column corresponding to the vertex v.
Proposition 1 [9] . If G = G 1 u : vG 2 is a connected sum of G 1 at u and G 2 at v, then
Proposition 2 [9] . 
